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A ferromagnetic, ferroelectric, or ferroelastic crystal is called full or partial, according
to whether all or not all but some of its orientation states are different in spontaneous mag-
netization vector, spontaneous polarization vector, or spontaneous strain tensor. In previous
theories — for nonmagnetic crystals — the concept of “species’” was introduced, a determina-
tion was made of all possible species of full ferroelectrics and of full ferroelastics, and those
species were found in which ferroelectricity and ferroelasticity coexist and completely couple
with each other. These theories are now extended to cover magnetic crystals in addition to
nonmagnetic crystals and to cover the partial in addition to the full. A determination is made
of all possible species of full ferromagnetics, partial ferromagnetics, full ferroelectrics,
partial ferroelectrics, full ferroelastics, and partial ferroelastics, and it is found out in
which of these species two or all of ferromagnetism, ferroelectricity, and ferroelasticity
should couple completely or incompletely with each other.

1. INTRODUCTION

A crystal is provisionally referred to as being
“ferroic” when it has two or more orientation
states in the absence of magnetic field, electric
field, and mechanical stress and can shift from
one to another of these states by means of a mag-
netic field, an electric field, a mechanical stress,
or a combination of these. Here any two of the
orientation states are identical or enantiomor-
phous in structure but are different with respect to
direction of arrangement of atoms which may pos-
sess an electric charge, an electric dipole mo-
ment, and a magnetic dipole moment.

The ferromagnetic crystals are those ferroic
crystals whose orientation states are all different
in spontaneous magnetization vector. The ferro-
electric crystals are those ferroic crystals whose

orientation states are all different in spontaneous
polarization vector. There are ferroic crystals
whose orientation states are all different in spon-
taneous strain tensor. (In this paper, “spontane-
ous strain tensor” means simply “strain tensor at
null stress.”) They are called ferroelastic.’ In
the ferromagnetic crystals the shift between any
two orientation states can be brought about by a
magnetic field; in the ferroelectric crystals the
shift between any two orientation states can be
brought about by an electric field, and in the ferro-
elastic crystals, by a mechanical stress.

Precisely speaking, the above-defined ferromag-
netics, ferroelectrics, and ferroelastics are full
ferromagnetics, full ferroelectrics, and full ferro-
elastics, respectively. Ferroics are possible,
not all but some of whose orientation states are
different in spontaneous magnetization vector,
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spontaneous polarization vector, or spontaneous
strain tensor. We call these ferroics partial fer-
romagnetics, partial ferroelectrics, or partial
ferroelastics, and regard them as a kind of ferro-
magnetics, ferroelectrics, or ferroelastics. (For
magnetic crystals, fullness and partiality of ferro-
electricity and of ferroelasticity are defined a
little otherwise. See Sec. 2.)

In previous papers!™ for nonmagnetic crystals,
we introduced the concept of “species” and found
that there are, in all, 88 possible species of full
ferroelectrics and 94 possible species of fullferro-
elastics, of which 42 species are common to both,
i.e., simultaneously full ferroelectric and full
ferroelastic. In this paper we undertake to extend
the previous papers to cover magnetic crystals in
addition to nonmagnetic crystals and to cover the
partial in addition to the full ones. For all
crystals, magnetic and nonmagnetic, we will de-
termine all possible species ox full ferromagnetics,
partial ferromagnetics, full ferroelectrics, partial
ferroelectrics, full ferroelastics, and partial fer-
roelastics, and will find out which of these species
are common, i.e., have two or all of (full or par-
tial) ferromagnetism, ferroelectrictiy, and ferro-
elasticity simultaneously.

2. FUNDAMENTAL CONCEPTS

We denote the rotation group pertaining to space
(including space inversion) by I', and the time-in-
version group that consists of the identity and time
inversion® by 1/, The direct product of T', and 1’ is
usually written I, X 1’.

Let S and S’ be two arbitrary orientation states
of aferroic crystal. Theyare identical or enantio-
morphous in structure. This means mathemati-
cally that S’ is to be obtained by performing a cer-
tain operation of I',X ' upon S, We refer to this
operation as an “F operation from S to S’” of thefer-
roic crystal. (F is the initial of ferroic.) In par-
ticular, when S and S’ are identical, an F opera-
tion from S to S’ or S itself is just an element of
the point group (C I',x 1’ andnot necessarilyCT',)
of S. In general, there is more than one F opera-
tion from S to S’.

Consider, for instance, the room-temperature
phase of BaTiO; known well as a full ferroelectric.
This has, in all, six orientation states in which the
spontaneous polarization vectors are antiparallel
or perpendicular to one another. We set a system
of rectangular coordinate axes x, y, z and designate
the orientation states with spontaneous polariza-
tion vector in the +x, —x, +y, -9, +z, and —z
directions as Sy, Sy, S3, Sy S5 and Sg respec-
tively. Then, as examples of F operations from
S, to S, we have space inversion and the space re-
flection across the yz plane. As examples of F

operations from S, to S;, we have the 180° space
rotation about the [110] axis and the 120° space
rotation about the [111] axis. Also, consider the
room -temperature phase of iron known well as a
full ferromagnetic. This has, in all, six orienta-
tion states the spontaneous magnetization vectors
in which are antiparallel or perpendicular to one
another. We set a system of rectangular coordi-
nate axes x, y, z, and designate the orientation
states with spontaneous magnetization vector in
the +x, —«x, +y, -y, +z, and -z directions as S,
Sy, S3, Sy, S5, and Sg, respectively. Then, as ex-
amples of F operations from S; to S,, we have time
inversion and the 180° space rotation about the ¥
axis. As examples of F operations from S, to S;,
we have the 90° space rotation about the z axis and
the 120° space rotation about the [111] axis.

Let a ferroic crystal have ¢ orientation states in
all and let S be one of them. We refer to a set of
q F operations each from S to each orientation
state as a “set of representative F operations on
S” of the ferroic crystal. In general, there is
more than one set of representative F operations
on S.

For a crystal to become ferroic, it is not suffi-
cient that some orientation states can be assigned
to the crystal. Any two of these states, in addi-
tion, must be able to change to each other through
only slight movements of the atomic nuclei. So,
in general, a ferroic crystal may be regarded as
a slight modification of a certain nonferroic ideal
crystal which is referred to as the “prototype” of
that ferroic crystal: (a) All the F operations from
all to all of the orientation states of the ferroic
crystal are to be contained in the point group of the
prototype; (b) any element of the point group of the
prototype is to be an F operation for the ferroic
crystal or, more exactly speaking, when f is an
element of the point group of the prototype and S
is an orientation state of the ferroic crystal, the
result from operation of f on S is always to be as
possible an orientation state of the ferroic crystal
as S. (This second item, on the one hand, pre-
vents the prototype’s having superfluous sym-
metry elements not connected with the phenomenon
of ferroicity and, onthe other hand, definesa com-
plete set of orientation states.)

For instance, the tetragonal, orthorhombic, and
rhombohedral phases of BaTiO;, which are all full
ferroelectric, can be imagined to be derivatives of
a common prototype whose unit cell is cubic and
comprises barium atoms at its corners, oxygen
atoms exactly at its face centers, and a titanium
atom exactly at its body center.

On varying temperature, a ferroic crystal may
usually make a phase transformation to a nonfer-
roic phase having the same symmetry as the proto-
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type; we refer to this phase as the “prototypic
phase” of that ferroic crystal (or, sometimes, as
the paramagnetic, paraelectric, or paraelastic
phase of that ferroic crystal, whenthe ferroic crys-
tal is ferromagnetic, ferroelectric, or ferroelas-
tic, respectively). For instance, the cubic phase of
BaTiO;, is prototypic. LiHj (SeOs), isaferroelec-
tric crystal without a prototypic phase (under an
ordinary atmospheric pressure).® In KNO,, three
phases are known: What is called phase III is tri-
gonal and ferroelectric; phase I is trigonal and
nonferroelectric; phase II is orthorhombic and
nonferroelectric.® Phase I is the prototypic of phase
I, and phase II is not. In iron, on raising tem-
perature, the ferromagnetictetragonal phase trans-
forms to a nonferromagnetic bce phase at 770 °C
and then to a nonferromagnetic fcc phase at 910 °C.
The bce phase is the prototypic of the ferromag-
netic phase, and the fcc phase is not.

A point group including time inversion as an
element and a crystal belonging to such a point
group are referred to as being “time symmetric.
Consider a non-time-symmetric ferroic crystal.
Let S be an orientation state of this ferroic crys-
tal, and denote the result from performance of
time inversion upon S by S’. S’ must be different
from S. It is obvious that the spatial configura-
tion of the nuclei in S’ is identical with that in S.
Therefore the shift from S to S’ is considered not
to be energetically difficult. Thus S’ should be as
possible an orientation state of the ferroic crystal
as S, and so the prototype of this ferroic crystal
should be time symmetric. On the other hand, the
prototype of every time-symmetric ferroic crystal
is, of course, time symmetric. After all, it turns
out that the prototype of every ferroic crystal,
whether time symmetric or not, is time symmet-
ric.

Magnetic crystals (or, more precisely speaking,
magnetically ordered crystals) are all lacking in
time inversion as an element of their space group
(c I,xTI',x 1 where I'; is the translation group per-
taining to space), while all nonmagnetic crystals
have time inversion as an element of their space
group.* Hence all nonmagnetic crystals are time
symmetric, but not all magnetic crystals are non-
time symmetric, in other words, some magnetic
crystals may be time symmetric. (It is possible
that a magnetic crystal, whereas lacking in time
inversion as an element of its space group, pos-
sesses time inversion as an element of its point
group.) It is considered that the prototype of ev-
ery ferroic crystal is not merely time symmetric
but nonmagnetic.

There are, in all, 122 point groups CT',x1’,*
Ninety of them are not time symmetric. The re-
maining 32 are time symmetric and equal to the

»

direct products of 1’ and the well-known 32 point
groups C I',. Every time-symmetric point group
C T, XY willbe symbolized by tailing the symbol
for the corresponding point group C I', with the
symbol ¥, 17 and m3m! are examples. 11 is
not used because it means the same as ¥, In the
following, T, m3m, etc., will represent non-
time-symmetric point groups and so they must be
distinguished from 11, m3m?, etc.

The time-symmetric and the non-time-symmet-
ric point groups are also often called nonmagnetic
and magnetic point groups, respectively.! How-
ever, it should be noted that not all magnetic crys-
tals belong to non-time-symmetric point groups.

In a non-time-symmetric ferroic crystal, two
orientation states between which time inversion is
an F operation are referred to as being “time con-
jugate” to each other. The orientation states of
every non-time-symmetric ferroic crystal can be
divided into pairs of time-conjugate orientation
states. Since, as is well known, spontaneous po-
larization vector and spontaneous strain tensor
are invariant under time inversion, any two time-
conjugate orientation states must be equal in these
quantities to each other. Therefore any non-time-
symmetric ferroic crystal cannot be full ferroelec-
tric or full ferroelastic in the sense that all its
ovientation states are different in spontaneous po-
larization vector or spontaneous strain tensor. A
non-time-symmetric ferroic crystal will be said
to be full ferroelectric or full ferroelastic, when
any two non-time-conjugate orientation states of it
are different in spontaneous polarization vector or
spontaneous strain tensor. For the time-symmet-
ric ferroic crystals, the definition of full ferro-
electricity and of full ferroelasticity are the same
as given in Sec. 1. The definition of full ferromag-
netism is unaltered. Since, as is well known,
spontaneous magnetization vector is reversed by
time inversion, every ferromagnetic crystal,
whether full or partial, must be non-time symmet-
ric, and any time-conjugate orientation states of it
must be antiparallel with respect to spontaneous
magnetization vector.

Ferroic crystals are referred to as belonging to
the same “species” when they are the same with
respect to (i) their own point group (ferroic point
group), (ii) the point group of their prototype (pro-
totypic point group), and (iii) the correspondence
between the elements of the ferroic point group and
the elements of the prototypic point group. (The
meaning of the third item will shortly become clear
as we proceed.) We represent each species by a
compound symbol that comprises the letter F
(meaning ferroic) at its center, the symbol for the
prototypic point group on the left of F, and the sym-
bol for the ferroic point group on the right of F.



2 POSSIBLE SPECIES OF FERROMAGNETIC - - - 757

In many cases the correspondence between the ele-
ments of the prototypic point group and the ele-
ments of the ferroic point group is unique, so that
the correspondence need not be indicated explicitly
in the species symbol. The species 42m1'F m'm'2
is such a case; here the m' planes and the diad axis
of the ferroic point group should correspond to (or
originate from) the ' planes and the 4 axis of the
prototypic point group, respectively. In some
cases, however, we need to indicate difference in
correspondence. The species 42m1'F2'(p) and
42mVF2'(s) are such cases. Intheformer species
the 2’ axis of the ferroic point group corresponds
to the 2’ axis parallel to the tetragonal unique axis
of the prototypic point group. In the latter species
the 2’ axis of the ferroic point group corresponds
to one of the 2’ axes perpendicular to the tetragonal
unique axis of the prototypic point group. (See
Sec. 4 as to why the letters p and s are used.)

3. THEOREM ON NUMBER OF ORIENTATION STATES

When S is an orientation state of a ferroic crys-
tal and f is an operation of I', XY, we express the
result from performance of f upon S as fS. When
an orientation state S is identical with an orienta-
tion state S/, we write S=S’. We have the follow-
ing theorems.

Theovem 1. When H is the point group of an
orientation state S and f is an F operation from S
to another orientation state S’, the set of all F
operations from S to S’ is equal to fH.

Proof. It holds that fS=S’. Let g be an arbi-
trary F operation from S toS’; then gS=S’. Using
these equations, we have

(F 1g)S=f"1(gS)=F 1 (fS)= (" ¥)S=1S=S.

(f~?! is the inverse of f. 1 in 1S is the identity.)
Thus since f~ g keeps S unaltered, it must be
equal to a certain element of H: f~ le=pcH.
Therefore, g=fh cfH. Conversely, when % is an
arbitrary element of H, we have

(fR)S=f (nS)=fS=5",

so that % is an F operation from S to S’. (QED)

Theovem 2. When H is the point group of an
orientation state S and f is an F operation from S
to another orientation state S’, the point group of
S’ is equal to FHf™ 1.

Proof. It holds that fS=S'. Let i’ be an arbi-
trary element of the point group of S’; then 7’S’
=S’. Using these equations, we have

f-lhlj'S:f-lhISI:f-ISI:f-lfS:S’

so that £~ '%’f must be equal to a certain element
of H: f~'Wf=hecH. Therefore, h'=fhf ‘ecfHf !,
Conversely, when % is an arbitrary element of H,

we have
Fhf='S' =fhS=fS=5,

so that ff ! is an element of the point group of
S’. (QED)

In group algebra, fHf ! is said to be conjugate
to H. The point groups of all the orientation states
of a ferroic crystal, thus, are conjugate to one
another. When we say “the point group of the fer-
roic crystal,” it does not matter which this point
group is of these and other conjugate point groups.

Theorem 3. The number of orientation states
equals the order of the prototypic point group di-
vided by the order of the ferroic point group.

Proof. Let G bethe point group of the prototype, ¢
be the number of orientation states, H be the point
group of an orientation state S, and {fl, Sas v v oy
f,,} be a set of representative F operations on
S. According to Theorem 1, the set of all F opera-
tions from S to f;S is equal to f;H. The number of
elements included in f;H is, obviously, equal to the
number of elements included in H, i.e., the order
of H. When i #j, f;H and f;H cannot have any com-
mon element. Since the union of f1H, foH,.. .,
f.H must be contained in G and since, conversely,
any element of G must belong to the union of f1H,
foH, ..., f H, (owing to the second item in the
definition of prototype), the union of f,H, foH, . . .,
fJH must be the same as G. After all, it is evi-
dent that ¢ is equal to the order of G divided by the
order of H. (QED)

We can write symbolically

G=fiH+fH+ -+ - +f,H.
Ingroup algebra, this relationis called the resolu-
tion of G into left cosets with respect to H.

Since the orders of all the point groups are
known, Theorem 3 enables us to evaluate directly
the number of orientation states in any species of
ferroic crystals. Ferroic crystals belonging to
the same species have the same number of orienta-
tion states.

4. POSSIBLE SPECIES

We assume the following: (a) Every time-sym-
metric point group can become the prototypic point
group in some species of ferroic crystals. (b)
When'a prototypic point group is specified, every
proper subgroup of it can become the ferroic point
group in some species with this prototypic point
group. (c) When a prototypic and a ferroic point
group are specified, all different ways in which the
elements of the ferroic point group correspond to
the elements of the prototypic point group give so
many possible species.

On the basis of these assumptions, we are able



758 KEITSIRO AIZU 2

to determine all possible species of ferroic crys-
tals. The results are shown in the second column
of Table I. All the possible species are 773 in
number. The third column gives the number of
orientation states in each species. When the fer-
roic point group is not time symmetric, the num-
ber of orientation states is expressed, for conve-
nience sake, in the form of the number of pairs of
time-conjugate orientation states multiplied by 2.

In the second column, p and s in species sym-
bols are the initials of “principal” and “side, ” re-
spectively, When the prototype belongs to a non-
cubic system, p means that the crystallographic
unique axis or an important axis of the ferroic it-
self is along the crystallographic unique axis of the
prototype, and s means that the crystallographic
unique axis or an important axis of the ferroic it-
self is perpendicular to the crystallographic unique
axis of the prototype. When the prototype belongs
to the cubic system, p means that the unique axis
or an important axis of the ferroic is along one of
the cubic principal axes of the prototype, and s
means that the unique axis or an important axis of
the ferroic is along a face diagonal of the cubic
lattice of the prototype.

Comments below are made on some species that
contain p and/or s in their symbols. FG and PG
are abbreviations of “the ferroic point group” and
“the prototypic point group, ” respectively.

In No. 116, the diad axis of FG is along the tet-
rad axis of PG; No. 117, the diad axis of FG is
along a diad axis perpendicular to the tetrad axis
of PG; Nos. 118, 120, similar to No. 116; Nos.
119, 121, similar to No. 117; No. 123, the pure
diad axis of FG is along the tetrad axis of PG; No.
124, the pure diad axis of FG is along a diad axis
perpendicular to the tetrad axis of PG.

In No. 152, the diad axis of FG is along the 4
axis of PG; No. 153, the diad axis of FG is along
a diad axis perpendicular to the 4 axis of PG; Nos.
154, 156, similar to No. 152; Nos. 155, 157, sim-
ilar to No. 153; No. 162, the pure diad axis of FG
is along the 4 axis of PG; No. 163, the pure diad
axis of FG is along a diad axis perpendicular to the
4 axis of PG.

In No. 181, the diad axis of FG is along the tet-
rad axis of PG; No. 182, the diad axis of FG is
along a diad axis perpendicular to the tetrad axis
of PG; Nos. 183, 185, similartoNo. 181; Nos. 184,
186, similar to No. 182; No. 187, the mirror plane of
FGis along the mirror plane perpendicular to the tet -
rad axis of PG; No. 188, the mirror plane of FGis
along amirror plane parallel to the tetrad axis of PG;
Nos. 189, 191, similar to No. 187; Nos. 190, 192,
similar to No. 188; No. 193, the diad axis of FG
is along the tetrad axis of PG or, in other words,
the mirror plane of FG is along the mirror plane

perpendicular to the tetrad axis of PG; No. 194,
the diad axis of FG is along a diad axis perpendic-
ular to the tetrad axis of PG or, inother words, the
mirror plane of FG is along a mirror plane par-
allel to the tetrad axis of PG; Nos. 195, 197, 199,
201, similar to No. 193; Nos. 196, 198, 200, 202,
similar to No. 194; No. 204, the pure diad axis of
FG is along the tetrad axis of PG; No. 205, the
pure diad axis of FG is along a diad axis perpen-
dicular to the tetrad axis of PG; No. 207, the diad
axis of FG is along the tetrad axis of PG; No. 208,
the diad axis of FG is along a diad axis perpendic-
ular to the tetrad axis of PG; No. 209, the m’ plane
of FG is along a mirror plane parallel to the tetrad
axis of PG, and the pure mirror plane of FG is also
along a mirror plane parallel to the tetrad axis of
PG (the 2’ axis of FG is along the tetrad axis of
PG); No 210, the m’ plane of FG is along the mirror
plane perpendicular to the tetrad axis of PG, the
pure mirror plane of FG is along a mirror plane
parallel to the tetrad axis of PG (the 2’ axis of FG
is along a diad axis perpendicular to the tetrad axis
of PG); No. 211, the m’ plane of FG is along a mir-
ror plane paralleltothetetrad axis of PG, and the
pure mirror plane of FG is along the mirror plane
perpendicular to the tetrad axis of PG (the 2’ axis
of FG is along a diad axis perpendicular to the tet-
rad axis of PG); Nos. 212, 214, similar to No.
207; Nos. 213, 215, similar to No. 208; No. 217,
the m’ plane of FG is along the mirror plane per-
pendicular to the tetrad axis of PG; No. 218, the
w’ plane of FG is along a mirror plane parallel to
the tetrad axis of PG; No. 219, the pure mirror
plane of FG is along the mirror plane perpendic-
ular to the tetrad axis of PG; No. 220, the pure
mirror plane of FG is along a mirror plane par-
allel to the tetrad axis of PG.

In No. 365, the diad axis of FG is along the hex-
ad axis of PG; No. 366, the diad axis of FGis along
a diad axis perpendicular to the hexad axis of PG;
Nos. 367, 369, similar to No. 365; Nos. 368, 370,
similar to No. 366; No. 372, the pure diad axis of
FG is along the hexad axis of PG; No. 373, the
pure diad axis of FG is along a diad axis perpen-
dicular to the hexad axis of PG.

In No. 414, the mirror plane of FG is along the
mirror plane perpendicular to the 6 axis of PG;
No. 415, the mirror plane of FG is along a mirror
plane parallel to the 6 axis of PG; Nos. 416, 418,
similar to No. 414; Nos. 417, 419, similar to No.
415; No. 421, the m’ plane of FG is along the mir-
ror plane perpendicular to the 6 axis of PG, andthe
pure mirror plane of FG is along a mirror plane
parallel to the 6 axis of PG; No. 422, the m’ plane
of FG is along a mirror plane parallel to the 6 axis
of PG, and the pure mirror plane of FG is along the
mirror plane perpendicular to the 6 axis of PG.
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TABLE 1. Possible species of ferroic crystals, their number of orientation states, and their relationships to ferro-
magnetism, ferroelectricity, and ferroelasticity.
Number Ferro- Ferro- Ferro- Number Ferro- Ferro- Ferro-
of mag- elec- elas- of mag- elec-  elas-
No. Species states netic tric tic No. Species states  netic tric tic
1 1'F1 1%2 Full 56 mmml Fm' 4%2 P Full P
- ’ ’ oo
9 TI'FL 9% 2 P Full 57 mmmllle 4 Full P
Tar e 58 mmml' F2/m 2X%2 P Full
3 11'F1 2 . Full R
=, s 59 mmml’ F2'/m 2X2 . . Full
4 T1U'F1 1x2 Full X , ,
s T1'FT Lxo . 60 mmml' F2/m 2%2 . . Full
61 mmml' F2'/m’ 2X2 Full . Full
6 21I'F1 2X2 Full Full Full 62 mmml' F2/ml’ 2 cee .. Full
7 2I'F1’ 2 Full Full 63  mmml’ F222 2X2 . .o
8 21'F2 1X2 Full 64 mmml F22'2 2X2 P .
9 21'F2 1x2 Full . 65 mmml F2221 2
X 66 ’ X e 1 .
10 ml'F1 9x2  Full  Full  Full mmml'Emm2 2xz2 Fut
, 67  mmml’ Fm'm2 2X2 P Full
11 m1’F1’ 2 e Full Full 68 P .
, mmm1l’ Fm'm'2 2X2 P Full
12 ml'Fm 1x2 Full . , ,
13 mi Fm! 1x32 Full 69  mmml Fmm2l 2 Full ..
70  mmml Fmmm 1X2 . o
14 2/ml’F1 4X2 P Full P 71 mmml Fmmm’ 1X2 X .
15 2/ml’'F1’ 4 cee Full P 72 mmml Fm'm'm 1x2 Full .
16 2/ml’F1 2X2 Full Full 73 mmml Fm'm'm’ 1%x2 . .
17 2/ml’ F1’ X e
7 2/mlFL 2x2 Fall 4 gy g1rp1 4x2  Full  Full  Ful
18 2/ml1’Fi1 2 Full s
19 2/ml'F2 %2 P Full 75 41,F1 4 Full Full
20 2/ml'F2 2% 2 P Full . 76 4UF2 2x2 P Full
91 2/ml'Fal’ ) o Full 77 41'F2' 2x2 Full . Full
, 78 41'F21’ 2 cee . Full
22 2/ml’'Fm 2%2 P Full 79 41'F4 1x2 n
23 2/ml’' Fm' 2% 2 P Full 80 41'F4’ % o
24 2/ml'Fml’ 2 ous Full Ixz e ’
25 2/ml'F2/m 1x2 Full oo 81 41I'F1 4%9 Full Full Full
26 2/ml'F2'/m 1%2 cee 82 41'F1 4 e Full Full
27 2/ml'F2/m’ 1x2 . 83 41'F2 2% 2 P Full Full
28 2/ml'F2'/m’ 1X2 Full . . 84 41'F2 2X2 Full Full Full
17 ?
29 2221'F1 ax2 Tl ma Fa | o SR 2 e Tull o Full
30 2221'F1’ 4 e Fal Rl | o g Ixz o Full - -
31 2221'F2 2%2 P Full  Full Ix2 e "
32 2221'F2’ 2X2 Full Full Full 88 4/ml'F1 8X 2 P Full P
33 2221'F21’ 2 . Full Full 89 4/ml'F1 8 e Full P
34 2221'F222 1x2 90 4/m1'F1 4x2 Full -~ Full
35 2221'F2’'2'2 1x2 Full 91 4/ml'Fl 4x2 Full
117
36 mm2l'Fl 4x2  Full  Full  Full 22 Z:”ni, El 4’i "P' " F;‘)”
37 mm2l'FV 4 “ee Full  Full o2 2 '
, 94 4/ml’'F2 4%2 P P P
38 mm21'F2 2X2 P . Full , B
rmor 95 4/m1l'F21 4 N P P
39  mm2l’F2 2X2 Full Full ,
o2 96  4/ml1’'Fm 4%2 P Full P
40 mm21'F21 2 e . Full 97 4/ml'Fm! 4% P Full P
41 mm21l'Fm 2x2 P Full  Full 08 4/t Fml’ ! 2 ol -
42 mm2l'Fm’ 2% 2 Full Full Full , '
P 99 4/ml'F2/m 2% 2 P e Full
43 mm2l' Fml 2 oee Full Full o
, 100 4/ml'F2'/m 2X2 cee Full
44 mm2l'Fmm2 1x2 B ’
’ r. of 101 4/ml'F2/m 2%X9 .e . Tull
45 mm21' Fm' m2 1X2 Full . ror /o1
46 mm21'Fm'm’2 1x2  Full 102 4/ml'F2'/m 2x2  Full Full
103 4/ml’'¥F2/ml’ 2 e e Full
47 mmml’'F1 8x2 P Full P 104 4/ml’F4 2x2 P Full
48 mmml’F1’ 8 Full P 105 4/ml'F4’ 2x2 Full .
49 mmml’F1 4%2 Full e Full | 106 4/ml'F41’ 2 e Full .
50 mmml' F1’ 4%2 Full | 107 4/ml'F4 2x2 P :
51 mmml’ F11’ 4 Full 108 4/ml'F4’ 2x2 .
52 mmml’ F2 4%2 P P P 109 4/ml’'F41’ 2
53 mmml' F2' 4x2 P P P 110 4/ml'F4/m 1%2 Full
54 mmml F21’ 4 P P 111  4/m1’F4/m’ 1%2 .
55 mmml Fm 4x2 P Full P 112 4/m1’F4' /m 1%x2 . .
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TABLE 1. (Continued) TABLE I. (Continued)
Number Ferro- Ferro- Ferro- Number Ferro- Ferro- Ferro-
of mag-  elec-  elas- of mag- elec- elas-
No. Species states  netic  tric tic No. Species states netic  tric tic
118  4/m1’'F4'/m’ 1x2 171 42m1’ F41’ 2
. a 74 1%X2 e .
114 4221'F1 8x2  Full  Full  Fal | 172 d2mlFiZm
173 42m1’ F42'm 1x2 Full
115 4221'F1’ 8 o Full Full Zame S 2e
174 Z2m1'F4'2'm 1%2
116  4221'F2(p) 4x2 P P Full 175 Z2ml FI'2m’ 1x9 . .
117 4221 F2(s) 4x2 P Full Full m
118  4221'F2'(p) 4x2 Full P Full 176 4/mmm1’ F1 162 P Full P
119 4221’F2/(s) 4x2 Full Full Full 177 4/mmm1’'F1’ 16 Full P
120 4221’F21’(p) 4 P Full 178 4/mmm1’ F1 8x2 Full e Full
121  4221'F21’(s) 4 Full Full 179 4/mmml’ F1’ 8x2 . Full
122 4221'F222 2% 2 e Full 180 4/mmml’ F11’ 8 cee e Full
123 4221'F2'2'2(p) 2%X2 P Full 181 4/mmml’ F2(p) 8x2 P P P
124  4221'F2'2'2(s) 2%2 Full Full 182 4/mmml’ F2(s) 8x2 P P P
125 4221'F2221 2 Full 183 4/mmm1' F2' (p) 82 P P P
126 4221’F4 2%2 P Full 184 4/mmml’F2'(s) 8x2 P P P
127 4221'F4’ 2%2 Full 185 4/mmm1’ F21'(p) 8 P P
128 4221'F41’ 2 e Full . 186 4/mmm1’ F21’ (s) 8 e P P
129 4221'F422 1%2 187 4/mmm1’ Fm (p) 8x2 P Full P
130 4221'F42'2’ 1x2 Full 188 4/mmm1’ Fm (s) 8x2 P Full P
131 4221'F4’2'2 1%2 .. 189 4/mmml’ Fm' (p) 8X2 P Full P
1'Fm’ X 7
132 4mml’F1 sx2  Tall  Full  pan | 190 &/mmml’Paw(s) o 8x2 P Fall P
Rt 191 4/mmml Fml’ (p) 8 Full P
133 4mml’'F1 8 ‘e Full Full , ,
, 192 4/mmml’ Fml’(s) 8 Full P
134 4mml' F2 4x2 P ‘e Full ,
Py 193 4/mmml'F2/m(p)  4x2 P oo Full
135 4mml’ F2 4%2 Full Full 194 4/ ,
, , mmml’ F2/m(s) 4%2 P Full
136 4mml’'F21 4 se s Full 19 s o
, 5 4/mmml'F2' /m(p) 4X2 Full
187 4mml’ Fm 4%2 P Full Full 196 4/ Rl
R mmml'F2' /m(s) 4x2 . TFull
138 4mml’ Fm 4%2 Full Full Full 197 4/ , ,
, , mmml' F2/m’ (p) 4%2 Full
139 4mml’ Fml 4 Full Full 198 4/ VFe/mi(s)  4x2 Fall
140 dmm1’ Fmm2 2x2 e+ e+ Ful o T
Rl 199 4/mmml'F2'/m’ (p) 4x2 Full Full
141 4mml’ Fm'm2 2X2 Full . Full 200 4/ st St
; mmm1l' F2' /m’(s) 4%X2 Full . Full
142  4mml’Fm'm’2 2X2 P Full 201 4/ VF2/ml'(p) 4 . Full
143 dmm1’ Fmm2l’ 2 = Full e b
202 4/mmml'F2/ml’(s) 4 Full
144 4mml’'F4 2X2 P con ,
145 i ax 2 . 203 4/mmml’ F222 4X2 cen P
i mel' Ty ) 204 4/mmml/F2'2'2(p) 4X2 P P
- 205 4/mmml’F2'2'2(s) 4X2 P P
147  4mml’ Fdmm 1X2 206 4/ , ,
: o, mmm1’ F2221 4 e e P
148 dmm1’ Fam'm 1x2 - Full 207 4/ UFmm2(p) 4x2 P P
149 dmml'F&'m'm 1X2  eee mmml1 Fmm2(p)
208 4/mmml' Fmm2(s) 4x2 co Full P
150 Z2m1’F1 8x2 Full Full Full 209 4/mmml’ Fm'm2' (ss) 4x2 P P P
151 42ml1’F1’ 8 Full Full 210 4/mmml' Fm'm2’ (ps)4x2 P Full P
152 22m1'F2(p) 4%2 P P Full 211 4/mmml’ Fm'm?2' (sp) 4% 2 P Full P
153 42m1’F2(s) 4x2 P Full Full 212 4/mmm1l’' Fm'm’2(p) 4x2 P P P
154 42m1’ F2'(p) 4X2 Full P Full 213 4/mmml' Fm’m’2(s) 4x2 P Full P
155 42ml’F2’ (s) 4%x2 Full Full Full 214 4/mmml’' Fmm?21’(p) 4 T P P
156  42m1' F21’(p) 4 cee P Full | 215 4/mmml’'Fmm21’(s) 4 Full P
157 42ml1’F21/(s) 4 cee Full Full 216 4/mmml’ Fmmm 2% 9 TFull
158 42ml' Fm 4x2 P Full Full 217 4/mmml’ Fmmm’ (p) 2x2 Full
159 42ml’'Fm’ 4x2 Full Full Full 218 4/mmml’ Fmmm'(s) 2x2 ce Full
160 I2m1’Fml’ 4 Full Full 219 4/mmml’ Fm'm’m(p) 2x2 P Full
161 42ml’ F222 2% 2 e Full 220 4/mmml’ Fm'm'm(s) 2x2 Full Full
162 42m1'F2'2'2(p) 2%2 P Full | 221 4/mmml Fm'm'm’ 2x2 Full
163 42ml’F2/2'2(s) 2X2 Full Full 222 4/mmml’ Fmmm1l’ 2 Full
164 42m1'F2221’ 2 cee oo Full 223 4/mmml’ F4 4x2 P P e
165 42m1’ Tmm?2 2%2 Full Full | 224 4/mmml’ F4’ 4%2 P
166 42ml' Fm'm2’ 2%2 Full Full Full | 225 4/mmml’F41’ 4 .o P
167 42ml’'Fm'm’2 2X2 P Full Full | 226 4/mmml’F4 4%2 P
168 42ml’'Fmm21’ 2 oo Full Full | 227 4/mmml'FL 4%2 cen
169 42m1’'F4 2% 2 P 228 4/mmm1’ F41’ 4
170 42ml'Fa4' 2% 2 e 229 4/mmml’ F4/m 2X2 p
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TABLE 1. (Continued) TABLE I. (Continued)
Number Ferro- Ferro- Ferro-" Number Ferro- Ferro- Ferro-
of mag- elec- elas- of mag- elec- elas-
No. Species states  netic tric tic No. Species states  netic tric tic
230 4/mmml’ F4/m’ 2X2 287 3ml'F1l/ 6 cee e Full
231 4/mmm1'F4' /m 2X2 .- 288 3ml’ F2 6x2 P Full P
232 4/mmml' F4' /m’ 2X2 . 289 Im1'F2’ 6x2 P Full P
233 4/mmm1’F4/m1’ 2 . 290 3wl F21’ 6 ooe Full P
234 4/mmm1’F422 2X2 291 3ml’'Fm 6x2 P Full P
235 4/mmm1’ F42'2' 2x2 P cee 292 3ml’' Fm' 62 P Full P
236 4/mmm1’F4'2’'2 2%2 . 293 3ml’ Fml’ 6 cee Full P
237 4/mmml’ F4221 2 ces 294 3ml'F2/m 3%2 Full ceo Full
238 4/mmml’ Fdmm 2% 2 Full 295 3m1'F2'/m 3x2 oo oo Full
239 4/mmml’ Fam'm' 2% 2 P Tull 296 Im1'F2/m' 3x2 oo oo Full
240 4/mmml’ F4'm’'m 2%2 e Full 297 3m1’'F2'/m' 3x2 Full oo Full
241 4/mmml’ Fdmml’ 2 cee Full ces 298 3ml'¥F2/ml’ 3 s see Full
242 4/mmml’ F42m 2x2 .o 299 Im1'F3 4x2 P P
243 4/mmm1’ F42'm’ 2x2 P oo cee 300 3m1’F31’ 4 s P o
244 4/mmm1’ F&'2'm 2X2 301 3m1’'F3 2X2 P
245 4/mmml’ F& 2m' 2x2 302 3m1’F3’ 2X2
246 4/mmml’ Fa2m1’ 2 o oee e 303 3m1’ F31’ 2 e oo e
247 4/mmml’ F4/mmm  1X2 304 3m1'F32 2X2
248 4/mmml’ F4/mm'm’ 1x2 Full oo ceo 305 3m1 F32' 2x2 P o oo
249 4/mmml' F4/m'mm 1X2 oo oo 306 3ml’F321’ 2 cee o o
250 4/mmml’' F4/m'm'm’ 1x2 307 3ml'F3m 2X2 Full
251 4/mmml’ F4'/mm'm 1x2 308 3ml'F3m’ 2% 2 P Full
252 4/mmm1l' F4 /m'm'm 1x2 309 3ml'F3ml’ 2 Full
, 310 3ml’F3m 1%2
SEomonmomb g pe o
255 31,F3 1><2 I‘ull .. oL 312 §m1lF§1m 1)(2 e e ooe eo0
313 3mllF3tml 1><2 oee ee o0 eoe
266 J1'F1 6x2 P Full P 314 61'F1 6x2  Full  Ful  Full
257 SU'F1! 6 e Full P 315 61/F1/ 6 e Full  Full
258 SUTL sx2 Fulloee Full | 516 61772 3%2 P e Full
259 SUXL sxz v v Full | 517 g1/p2r 3x2  Full @ eee Full
260 SI'I11 3 Full | 518 617721 3 Full
261 31'F3 2x2 P Full - eee 319 61/F2 2%2 P
262 SIS 2 e Full  =ee 320 61'F31’ 2 oo e oee
o e 321 61'F6 1x2 Rl e e
322 61'F6’ 1x2
’
322 zﬁi'ii' 6:; 2 Rl EEE g“uﬁ 323 G1'F1 6x2  Full  Full  Full
, 324 G1'F1’ 6 ceo Full Full
267 321'F2 3x2 - Full - Full - Full | 395 gyrpy, 3% 2 P Ful  Full
S Sxpo ran Rl Rl a2 srEw 3x2  Ful  Ful  Full
, 327 61’ Fml’ 3 oo Full Full
270 321'F3 2x2 P Ful e 328 B1/F3 2x2 P Full ce-
271 331 F3l 2 e Full  -er 329 1/ F31’ 2 oo Full  +*°
272 321" F32 1x2 330 §1'F6 1x2 Full e
273 321'F32' 1X2 Full o *oe° 331 gl'FE' 1X2 soe eeo cee
274 3ml1’F1 6X2 Full Full Full 332 6/ml’Fl 12%9 P Full P
275 3m1: F1’ [ s Full Full 333 6/m1'F1’ 12 oeo Full P
276 3m1, Fm, 3x2 Full Full Full 334 6/m1'F1 6X2 Tull oo Full
277 37’}’!1[ Fm , 3xX2 Full Full Fll].] 335 6/7’}’[1’ FII 6X2 eeo ese Full
278 3m1[ Ft"nl 3 e Full Full 336 G/WL]—' F11’ 6 cee ene Full
279 3ml'FS 2x2 P 337 6/m1’ F2 6%2 p P P
280 3m1'I31 2 338 6/m1'F2’ 6x2 P P P
281 3ml'F3m 1x2 e T ot 339 6/ml’ F21’ 6 cee P P
282 3m1 F3m 1x2  Full - eee e 340 6/m1'Fm 6x2 P Full P
283 3m1’'F1 12x2 P Full P 341 6/m1’'Fm’ 6x2 P Full P
284 3ml'F1’ 12 Full P 342 6/m1'Fml’ 6 Full P
285 3m1’F1 6x2 Full one Full 343 6/m1'F2/m 3x2 ) cee Full
286 3m1’F1’ 6X2 Full 344 6/m1'F2'/m 3%2 Full
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TABLE I. (Continued) TABLE 1. (Continued)
Number Ferro- Ferro- Ferro= Number Ferro- Ferro- Ferro-
of mag- elec- elas- of mag- elec- elas-
No. Species states  netic tric tic No Species states  netic tric tic
345 6/m1'F2/m’ 3X2 Full 403 6mm1'F6 2%2 P
346 6/m1'F2'/m’ 3x2 Full oo Full 404 6mml’' F6’ 2X2 oo
347 6/m1’' F2/ml’ 3 oo ceo Full 405 6mm1’F61’ 2 ceo e ces
348 6/m1’F3 4X2 P P oo 406 6mml’'Fémm 1x2 oo soo
349 6/m1’'F31’ 4 cee P 407 6mml’ Fém'm’ 1x2 Full se ce
350 6/m1’'F3 2%2 P 408 6mml' F6'm'm 1x2
351 6/m1'F3’ 2x2 | 409 Bmel'FL 12x2  Full  Full  Full
352 6/m1’'F31’ 2 U 410 BmelFY 12 cee  Full  Full
m u u
353 6/m1’F6 Zxz P Full 411 Bm21'F2 62 P P Full
354 6/m1’'F6’ 2X2 Full e
412 6m21'F2 6%2 Full P Full
355 6/m1'F61’ 2 Full e,
356 6/m1' G 9% 2 P 413 §m21,F21 6 P Full
357 6/m1’ FE ax2 414 &m21’'Fm(p) 6%2 P Full Full
358 6/m1/ Fo1’ 9 415 6m21'Fm(s) 6 %2 P Full Full
416 6m21' Fm’ (p) 6x2 Full Full Full
359 6/m1'F6/m 1%2 Full v — e,
, , 417 6m21’ Fm’(s) 6%2 Full Full Full
360 6/m1'F6/m 1x2 e )
P 418 6m21’ Fnl’ (p) 6 oo Full Full
361 6/m1'F6'/m 1x2 e ,
362 6/m1'F6'/m’ 1x2 oo “oo cer | 419 Em2V'Fml’(s) 6 Full - Tull
420 6m21’' Fmm?2 3X2 oo Full Full
363 6221'F1 12X2 Full Full Full 421 §m21' Fm'm?2' (ps) 3xX2 Full Full Full
364 6221'F1’ 12 e Full Full 422 6m21' Fm'm2' (sp) 3x2 P Full Full
365 6221'F2(p) 6x2 P P Full 423 6m2l' Fm'm'2 3x2 Full Full Full
366 6221’ F2(s) 6x2 P Full Full 424 6m2l'Fmm?2l’ 3 oee Full Full
367 6221'F2'(p) 6x2 Full P Full 425 6m21'F3 4x2 P P oo
368 6221'F2’(s) 6x2 Full Full Full 426 6m21'F31’ 4 cee P oo
369 6221'F21’(p) 6 oo P Full 427 6m21' F32 2% 9 cee
370 6221'F21'(s) 6 e Full Full 428 Bm21'F32’ 2% 2 P oeo
371 6221’ F222 3x2 Full 429 6m21'F321’ 2
372 6221'F2'2' 2(p) 3% 2 P oee Full 430 Gm21'F3m 2% 2 coo Full oo
373 6221'F2'2'2(s) 3%2 Full oo Full 431 6m21’ F3m’ 2%2 P Full oo
374 6221'F2221' 3 oo e Full 432 6m21'F3m1’ 2 e Full .o
375 6221'F3 4%2 P P 433 6m21'F6 2x2 P
376 6221'F31’ 4 P 434 6m21'F6’ 2x2 o
377 6221'F32 2% 9 435 6m21'T61’ 2 . .
378 6221’ F32’ 2% 2 P 436 6m21' Fém2 1%2
379 6221'F321’ 2 oo v o 437 6m2l' Fom’'2’ 1%2 Full
380 6221’'F6 2%2 P Full e 438 Bm21'F6'm2’ 1x2 eeo oo oo
381 6221’ F6’ 2% 2 Full 439 6m21'F6'm’2 1x9
382 6221'F61’ 2 Full 440 6/mmm1'F1 24 %2 P Full P
383 6221’ F622 1%2 oo Pl
Vimr e 441 6/mmm1’F1 24 e Full P
384 6221'F62’'2 1%2 Full b=t ‘
385 6221/ 6/ 2’2 1% 442 6/mmm1’F1 12X 2 Full Full
443 6/mmm1l’'F1’ 12%X2 Full
386 6mml’F1 12X2 Full Full Full 444 6/mmml’ F11’ 12 Full
387 6mml'F1’ 12 Full Full 445 6/mmm1’ F2(p) 12%2 P P P
388 6mml’ F2 6%2 P oo Full 446 6/mmm1’' F2(s) 12x2 P P P
389 6mml’ F2’ 6x2 Full see Full 447 6/mmml’F2'(p) 12%2 P P P
390 6mml’ F21’ 6 owe see Full 448 6/mmm1l’' F2' (s) 12%2 P P P
391 6mml’ Fm 6x2 P Full Full 449 6/mmm1'F21' (p) 12 oo P P
392 6mml’ Fm' 6X%2 Full Full Full 450 6/mmml’ F21’(s) 12 voe P P
393 6mml’ Fml’ 6 oo Full Full 451 6/mmml’ Fm(p) 12%2 P Full P
394 6mml’ Fmm?2 3x2 oo Full 452 6/mmm1’ Fm(s) 12%2 P Full P
395 6mml Fm'm2' 3x2 Full ooo Full 453 6/mmm1’ Fm’ (p) 12X 2 P Full P
396 6mml’ Fm'm’2 3%x2 P . Full 454 6/mmm1’ Fm’(s) 12x2 P Full P
397 6mml’ Fmm2l’ 3 seo oo Full 455 6/mmm1’ Fml’(p) 12 .. Full P
398 6mml1l’F3 4x2 P oo 456 6/mmml’ Fml’(s) 12 Full P
399 Smml’ F31’ 4 oo cee cos 457 6/mmml’ F2/m(p)  6x2 P cee Full
400 6mml’ F3m 2%2 458 6/mmm1’ F2/m(s) 6Xx2 P Full
401 6mml’ F3m’ 2% 2 P 459 6/mmm1l' F2' /m(p) 6%x2 Full
402 6mml’ F3ml’ 2 oee oo 460 6/mmml’ F2'/m(s) 6%2 oo oo Full
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Number Ferro- Ferro- Ferro- Number Ferro- Ferro- Ferro-
of mag- elec~ elas- of mag- elec- elas-
No. Species states  netic tric tic No. Species states  netic tric tic
461 6/mmm1l' F2/m’(p) 6X2 oo Full 520 6/mmml F6'm’'m 2X2 N Full oo
462 6/mmml’' F2/m’(s) 6X2 see oee Full 521 6/mmml'F§mm1’ 2 ses Full soe
463 6/mmm1l'F2' /m’(p) 6X2 Full Full 522 6/mmml’ F6m2 2Xx2 oo see
464 6/mmml'F2' /m’(s) 6X2 Full ce Full 523 6/mmm1’F§_m'2' 2X2 P see see
465 6/mmm1'F2/ml’(p) 6 o e Full 524 6/mmml'F6'm2’ 2%2 o v cee
466 6/mmm1l’'F2/ml’(s) 6 e e Full 525 6/mmml’ F6'm’2 2X2 e e i
467 6/mmml! F222 6x2 P 526 6/mmml’ Fém21l' 2
468 6/mmml' F2'2'2(p) 6X%2 P e P 527 6/mmml'F6/mmm 1X2 e coe e
469 6/mmml’F2'2'2(s) 6X2 P tee P 528 6/mmml’ F6/mm'm’ 1X2 Full vee
470 6/mmml’ F2221° 6 ses oo P 529 6/mmml' F6/m'mm 1Xx2
471 6/mmml’ Fmm2(p) 6X%2 eee P P 530 6/mmml' F6/m'm’'m’ 1xX2 X
472 6/mmml’ Fmm2(s) 6X2 Full P 531 6/mmml' F6'/mm’'m 1x2 oo
473 6/mmml’ Fm'm2’ (ss) 62 P P P 532 6/mmml'F6'/m'm'm 1x2 e v cee
474 ¢ 1 Fm' m2’ 6X2 P Full P
fmmm1 Fm’m2 (ps) 533 231'F1 12x2  Full  Full  Full
475 6/mmml’ Fm'm2’ (sp) 6% 2 P Full P o
’ ' 534 231'F1 12 e Full Full
476 6/mmml’ Fm'm’2(p) 6%2 P P P ,
R 535 231’ F2 6x2 P Full  Full
477 6/mmml’ Fm'm’'2(s) 6%2 P Full P e
478 ’ ’ 6 ‘e P P 536 231" F2 6X2 Full Full Full
6/mmml’ Fmm21’ (p) g ,
’ ’ veo 537 231’ F2l 6 v Full Full
479 6/mmml’ Fmm21'(s) 6 Full P ,
’ cee e 538 231'F222 3%X2 v e Full
480 6/mmml’ Fmmm 3xX2 Full Py
’ , e oo 539 231'F2'2'2 3x2 Full Full
481 6/mmml’' Fmmm’ (p) 3%2 Full , g
’ ’ cee eoe 540 231'F2221 3 oo ces Full
482 6/mmm1’ Fmmm’ (s) 3X2 Full ,
' roor vee 541 231'F3 4 X2 Full Full Full
483 6/mmml' Fm’m'm(p) 3 %2 P Full , ,
’ ) ‘oo 542 231'F31 4 s Full Full
484 6/mmml' Fm'm’m(s) 3%2 Full Full 543 231 Fo3 1x2
485 6/mmm1'Fm'm’m’ 3X2 oee soe FU.I]. 4
486 6/mmml’ Fmmm1’ 3 coe see Full 544 m31'F1 24 %2 P Full P
487 6/mmml’ F3 8X2 P P eoo 545 m31'F1’ 24 e Full P
488 6/mmm1'F31’ 8 e P *** | 546 m31'F1 12x2  Full cer Full
489 6/mmm1'F3 4x2 P o | 547 m31'FT 12x2 e+ Full
490 6/mmm1’F3’ 4x2 “** | 548 m31'FIV 12 s+ Full
491 6/mmm1' F31' 4 e e 549 m31' F2 12x2 P P P
492 6/mmm1’ F32 4X2 550 m31'F2' 12x2 P P P
493 6/mmml’ F32’ 4X2 P oee oo 551 m31'F21’ 12 e P P
494 6/mmm1'F321' 4 e nee nee 552 m31'Fm 12x2 P Full P
495 6/mmm1’F3m 4x2 o p "ot | 553 m31U'Fm’ 12x2 P Full P
496 6/mmm1’ F3m’ 4x2 P P e 554 m31'Fml’ 12 e+ Full P
497 6/mmm1’' F3m1’ 4 P 555 m31'F2/m 6x2 P Full
498 6/mmm1'F3m 2x2 556 m31'F2'/m 6x2 +++ Full
499 6/mmm1’ F3m' 2%2 P 557 m31' F2/m’ 6x2 Full
500 &/mmm1’'F3'm 2x2eeettt ottt 558 w31 R /m! 6x2  Full e+ Full
501 G/mmml'F_{?:’m’ 2X2 s °ee oo 559 m31'F2/ml’ 6 e coe Full
502 6/mmm1’ F3m1’ 2 e e 560 m31'F222 6%2 e P
503 6/mmm1'F6 4x2 P P oee 561 m31'F2'2'2 6X%X2 P “ee P
504 6/mmml’ F6' 4%x2 A P s 562 m31'F2221’ 6 eos cer P
505 6/mmm1’ F61’ 4 e p "t | 563 m31'Fmm2 6x2 ©+ Rl P
506 6/mmm1’F6 4x2 P Tttt | 564 m3Y Fo'm2 6x2 P Full P
507 6/mmm1’ T’ dxzeer ottt 565 m31 B2 6x2 P Full P
508 G/MmmllF61l 4 oee cee s 566 m31'me2]_' 6 e Fllll P
509 6/mmm1'F6/m 2%2 P 567 m31' Fmmm 3%2 ¢ Full
510 6/mmml’F6/m’ 2X2 e o ot 568 m3l' Fmmm' 3% 2 vee Full
511 6/mmml’ F6'/m 2x2 o oot °ee 569 m3l' Fm'm'm 3x2 Full Full
512 6/mmm1'F6'/m’ 2%X2 ot oo o0 570 m31' Fm'm'm’ 3%x2 Full
513 6/mmml'F6/m1’ 2 - " v 571 m31' Fmmm1’ 3 .- *++ Full
514 6/mmm1' F622 22 572 m31U'F3 . 8%2 P Full P
515 6/mmm1’' 762’2’ 2x2 P o e 573 m31'F31’ 8 <o+ Full P
516 6/mmm1’F6’2'2 2%2 574 m31'F3 4x2 Tl s Ful
517 6/mmm1’ F6221’ 2 575 m31' F3 4%2 Full
518 6/mmml’ Fémm 2X2 ces Full oee 576 m31'F§1' 4 e oo Full
519 6/mmml’ Fém'm’ 2%X2 P Full oeo 577 m31'F23 2X2 e ces e
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TABLE 1. (Continued) TABLE 1. (Continued)
Number Ferro- Ferro- Ferro- Number Ferro- Ferro- Ferro-
of mag-  elec- elas- of mag- elec- elas-

No. Species states  netic tric tic No. Species states  netic tric tic
578 m31’F231’ 2 oo oo 636 43m1’F31’ 8 P P
579 m31'Fm3 1%2 cee oo cee 637 43m1’ F3m 4x2 cer Full Full
580 m31'Fm’3 1x2 oo oo coe 538 43m1’ F3m’ 4%2 Full Full Full

639 43m1’ F3ml’ 4 Full Full
581 4321'F1 242 Full Full Full 640 13m1’ F23 9% 92 ees ves
582 4321'F1’ 24 cee Full Full 641 Z3m1'F231' 2 coe cee cea
583 4321'F2(P) 12X2 P P Full 642 ‘_131’}11'17-4:_37}1 1X2 e ceo cos
524 2321:F2'(?)) 12x2 Pu Full Fuﬁ 643 A3m1 F4'3m’ 1x9 cee coo e
585 4321'F2'(p 122 Fu P Fu
586 4321'F2'(s) 12x2  Full  Fal  pap | 044 mSmUFL g8xz b Full P
587 4321'F21’(p) 12 ves P Full 645 m3m1'Fl 48 e 1‘131'1 P
588 4321'F21’(s) 12 o Fal  Fan | 546 mImUFL 24x2 - Full o Fall
589 4321'F222([)p) 6 X2 cee oee TFull 647 m3m1,Fl , 24X 2 . vee Full
590 4321/ F222(ss) 6X 2 . Full 648 m3mll Fi1 24 cen . Full
591 4321'F2’2'2(pp) 6x2 P cee Full 6.49 m3m1'F2(p) 24 X2 P P P
592 4321'F2'2'2(ss) 6x2 P e pan | 650 m3mlI2(s) 242 P P P
593 4321'F2'2’2(ps) 6x2 Full ces Full 6}51 m3m1'F2, ({)) 24X 2 P P P
594 4321'F2221’ (pp) 6 e cer pun | 692 m3ml'F2(s) 24x2 P P P
595 4321/ F2221’ (ss) 6 e <+~ Full 653 m3m1'F21"(p) 24 e p p
596 4321'F4 6x2 P Full P 664 moml Fal (3) 24 " P P

J ’
597 4321/ F4’ 62 Full P 655 m3m1'Fm(p) 24X 2 P Full P

aqqt .. 656 m3m1l’ Fm(s) 24X 2 P Full P

598 4321'F41 6 . Full P ) Felith
599 4321 F422 3% 32 .. Full 657 m3m1’ Fm’ (p) 24X 2 P Full P

3 ’ ’
600 4321'F42'2’ 3x2  Full oo pan | 688 m3mlEm’(s) 24x2 P Full P

3 ’ ’ .o
601 4321/ F4’2'2 3% Full 659 m3m1’ Fml’ (p) 24 : Full P

’ , e e 660 m3m1’ Fml’(s) 24 (XX Full P

602 4321'F4221 3 Full 661 m3m1 F2/m () 12x2 b L ol
603 4321'F3 8x2 P Full P 662 ’”3’”1, mip O o
604 4321’ F31’ 8 e+ Full P m3m1'F2/m(s) P Full
605 4321'F32 4x2 Full 663 m3m1,F2,/m(p) 12X2 000 Full
606 4321'F32’ ax2 Pl cee Fan | 064 m3mU'F2/mls) - 12x2 tectt Full
607 4321’ F321’ 4 . e Full 665 m3m1[F2/m, (p) 12%2 oo ooo Full
608 4391'F23 9%9 666 m3ml F2/m’(s) 122 Full
609 4321/ 231’ 9 Ve Ve e 667 m3m1'F2'/m’(p) 12 X2 Full cee Full
610 4321'F432 1%2 668 m3ml'F2' /m'(s) 12X2 Full Full
611 4321/F4’/32’ 1%9 . ves vee 669 m3ml'F2/m1’(p) 12 cee e Full

670 m3ml' F2/ml’(s) 12 (XN vee Full
612 43m1’'F1 24 %2 Full Full Full 671 m3ml’ F222(pp) 12%2 P
613 43m1’'F1’ 24 e Full Full 672 m3m1l’ F222(ss) 12%2 coe oo P
614 43m1'F2 12x2 P P Full 673 m3ml'F2'2'2(pp)  12X2 o coe P
615 43m1'F2’ 12%x2 Full P TFull 674 m3ml’'F2'2'2(ss) 12 X2 P “ee P
616 43m1’'F21’ 12 ‘e P Full 675 m3ml/F2'2' 2(ps)  12x2 P e P
617 43m1'Fm 12x2 P Full Full 676 m3ml’F2221' (pp) 12 oo oeo P
618 43m1’ Fm’ 12%2 Full Full Full 677 m3ml’F2221' (ss) 12 v ooo P
619 43m1’ Fml’ 12 v Full Full 678 m3ml Fmm2(pp)  12x2 ces P P
620 43ml’F222 6 %2 Full 679 m3m1’ Fmm2(ss) 12%2 P P
621 43m1’'F2'2’'2 6x2 P Full 680 m3ml' Fmm2(ps)  12x2 Full P
622 43m1’'F2221’ 6 oo oo Full 681 m3ml Fm'm2' (pp) 12x2 P P P
623 43m1l’ Fmm?2 6x2 Full Full 682 m3ml' Fm'm2’ (ss) 12X2 P P b
624 43m1' Fm'm2' 6x2 Full Full Full 683 m3ml Fm'm2' (ps) 12%2 P Full P
625 43m1l' Fm'm'2 6x2 P Full Full 684 m3ml Fm'm2' (sp) 12x2 P Full P
626 43m1' Fmm21’ 6 cee Full Full 685 m3ml' Fm'm'2(pp) 12x2 P P P
627 43m1’'F4 6x2 P P 686 m3ml Fm'm’'2(ss) 12x2 P P P
628 43m1’F4’ 6x2 cee P 687 m3ml'Fm'm’2(ps) 12x2 P Full P
629 43m1’F41’ 6 oo oo P 688 m3ml Fmm2l’ (pp) 12 oo P P
630 43m1’'F42m 3%x2 TFull 689 m3ml’ Fmm2l'(ss) 12 oo P P
631 43m1'Fd2'm’ 3%2 Full Full 690 m3ml’ Fmm2l’ (ps) 12 eee Full P
632 43m1’F4'2'm 32 cee Full 691 m3ml Fmmm (pp)  6X2 Full
633 43m1'F4’2m’ 3x2 oo oo Full 692 m3ml Fmmm (ss) 6x2 ceo ceo TFull
634 43m1'F42m1’ 3 oo oo Full 693 m3ml'Fmmm' (pp) 6x2 coo oese Tull
635 43m1’F3 8x2 P P P 694 m3ml' Fmmm'(ss)  6x2 ces Full
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TABLE I. (Continued) TABLE I. (Continued)
Number Ferro- Ferro- Ferro- Number Ferro- Ferro-Ferro-
of mag- elec- elas- of mag- elec- elas-
No. Species states  netic tric tic No. Species states  netic  tric tic
695 m3ml' Fmmm’(ps) 6x2 Full 735 m3ml' F4/mm'm’ 3%2 Full eee  Full
696 m3mLl' Fm'm'm(pp) 6x2 P Full 736 m3ml' F4/m’mm 3x2 ceo  Full
697 m3ml'Fm'm'm(ss) 6x2 P soo Full 737 m3ml' F4/m'm'm’ 3%x2 seo ses  Full
698 m3ml' Fm'm'm(ps) 6x2 Full Full 738 m3ml'F4'/mm'm(ps) 3x2 ces  Full
699 m3ml'Fm'm'm’ (pp) 6x2 Full 739 m3ml'F4'/mm’m(sp) 3x2 °es  Full
700 m3ml'Fm'm’'m’ (ss) 6x2 oo Full 740 m3ml'F4'/m'm'm(ps) 3X2 oso ces  Full
701 m3ml' Fmmml’ (pp) 6 seo oee Full 741 m3ml'F4'/m'm'm(sp) 3X2 soo eoe  Tyll
702 m3ml' Fmmml’ (ss) 6 X “ee Full 742 m3ml’' F4/mmml’ 3 veo coe  Fyull
703 m3ml'F4 122 P P P 743 m3ml'F3 16 %2 P P P
704 m3ml’F4’ 12 %2 P P 744 m3ml' F31’ 16 P P
705 m3ml' F41’ 12 P P 745 m3ml'F3 8x2 P P
706 m3ml’'F4 12%2 P P 746 m3m1'F3' §x2 e P
707 m3m1l’F4' 12%2 P 747 m3ml'F31’ 8 P
708 m3ml’ F41’ 12 P 748 m3ml’ F32 8x2 P
709 m3ml' F4/m 6X2 P P 749 m3ml’'F32' 8X2 P P
710 m3ml’ F4/m’ 6X2 P 750 m3ml'F321’ 8 P
711 m3m1l’'F4' /m 6X2 P 751 m3ml'F3m 8x2 Full P
712 m3ml’' F4'/m’ 6x2 P 752 m3ml’ F3m’ 8X2 P Full P
713 m3ml’ F4/ml’ 6 P 753 m3ml' F3ml 8 Full P
714 m3ml’ F422 6x2 P 754 m3ml'Fam 42 ese  Full
715 m3ml F42'2' 6x2 P P 755 m3ml' Fam' 4%2 Full *ee  TFull
716 m3ml F4’'2'2(ps) 6x2 P 756 m3ml'F3'm 4%2 ces  Full
717 m3ml F4’'2'2(sp) 6x2 P 757 m3ml'F3'm’ 4%2 ses  Full
718 m3ml'F4221’ 6 000 oes P 758 m3ml' F3ml’ 4 ceo eeo  Full
719 m3ml' Fdmm 62 Full P 759 m3ml'F23 4%2 oo ceo
720 m3ml’ Fdm'm’ 62 p Full P 760 m3ml'F231 4
721 m3ml'F&'m'm(ps) 6%2 Full P 761 m3ml Fm3 2%2 cee e
722 m3ml'F4'm'm(sp)  6%2 Full P 762 m3ml'Fm'3 22 cos
723 m3ml’ Fdmm1’ 6 Full P 763 m3ml Fm31’ 2
724 m3ml’' F42m (ps) 6X2 P 764 m3ml'F432 2x2
725 m3m1’ F42m (sp) 6x2 P 765 m3ml'F4’'32' 2%2
726 m3ml FA2'm’ (ps)  6%2 P P 766 m3ml'F4321’ 2
727 m3ml'F42'm’ (sp) 6X2 P P 767 m3m1’F4_13m 2%X2 seo
728 m3m1l'F4' 2'm(ps)  6X2 cos eee P 768 m3m1l' ¥4 3m’ 2%2 con cos  ees
729 m3ml’' F4' 2'm(sp) 6x2 P 769 m3ml’F43m1’ 2
780 m3ml'F4 2m’ (ps) 6x2 P 770 m3ml' Fm3m 1x2
731 m3ml’' F4' 2m’ (sp) 6X2 P 771 m3ml' Fm3m' 1%2
732 m3ml' F42m1’ (ps) 6 P 772 m3m1l Fm'3m 1x2
733 m3ml' Fd2m1’ (sp) 6 coo ees P 773 m3ml' Fm'3m’ 1x2 s seo e
734 m3ml' F4/mmm 3x2 ooo oeo Full
other words, the mirror plane of FG is along a
In No. 445, the diad axis of FG is along the hex- mirror plane parallel to the hexad axis of PG;

ad axis of PG; No. 446, the diad axis of FG is Nos. 459, 461, 463, 465, similar to No. 457; Nos.
along a diad axis perpendicular to the hexad axis 460, 462, 464, 466, similar to No. 458; No. 468,
oi PG; Nos. 447, 449, similar to No. 445; Nos. the pure diad axis of FG is along the hexad axis of

448, 450, similar to No. 446; No. 451, the mirror PG; No. 469, the pure diad axis of FG is along a
plane of FG is along the mirror plane perpendicular  diad axis perpendicular to the hexad axis of PG;
to the hexad axis of PG; No. 452, the mirror plane No. 471, the diad axis of FG is along the hexad

of FG is along a mirror plane parallel to the hex- axis of PG; No. 472, the diad axis of FG is along
ad axis of PG; Nos. 453, 455, similar to No. 451; a diad axis perpendicular to the hexad axis of PG;
Nos. 454, 456, similar to No. 452; No. 457, the No. 473, the m’ plane of FG is along a mirror plane
diad axis of FG is along the hexad axis of PG or, in parallel tothe hexad axis of PG, andthe pure mirror
other words, the mirror plane of FG is along the plane of FG is also along a mirror plane parallel
mirror plane perpendicular to the hexad axis of to the hexad axis of PG (the 2’ axis of FG is along
PG; No. 458, the diad axis of FG is along a diad the hexad axis of PG); No. 474, the m' plane of FG

axis perpendicular to the hexad axis of PG or, in is along the mirror plane perpendicular to the hex-
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ad axis of PG, and the pure mirror plane of FG is
along a mirror plane parallel to the hexad axis of
PG (the 2’ axis of FG is along adiad axis perpendic-
ular to the hexad axis of PG); No. 475, the m' plane
of FG is along a mirror plane parallel to the hexad
axis of PG, and the pure mirror plane of FG is along
the mirror plane perpendicular to the hexad axis

of PG (the 2’ axis of FGis along adiad axis perpen-
dicular to the hexad axis of PG); Nos, 476, 4178,
similarto No, 471; Nos. 477, 479, similar to No.
472; No. 481, the m’ plane of FGis along the mirror
plane perpendicular to the hexad axis of PG; No.
482, the m’ plane of FG is along a mirror plane
parallel to the hexad axis of PG; No. 483, the pure
mirror plane of FG is along the mirror plane per-
pendicular to the hexad axis of PG; No. 484, the
pure mirror plane of FG is along a mirror plane
parallel to the hexad axis of PG.

In No. 583, the diad axis of FG is along a tet-
rad axis of PG; No. 584, the diad axis of FG is
along a diad axis, making an angle of 45° to a
tetrad axis, of PG; Nos. 585, 587, similar to No.
583; Nos. 586, 588, similar to No. 584; No. 589,
two of the diad axes of FG are along tetrad axes of
PG (the remaining diad axis of FG is also along a
tetrad axis of PG); No. 590, two of the diad axes
of FG are along diad axes, making an angle of 45°
to tetrad axes, of PG (the remaining diad axis of
FG is along a tetrad axis of PG); No: 591, both
the 2’ axes of FG are along tetrad axes of PG (the
pure diad axis of FG is also along a tetrad axis of
PG); No. 592, both the 2 axes of FGare along diad
axes, making an angle of 45° to tetrad axes, of PG
(the pure diad axis of FG is along a tetrad axis of
PG); No. 593, one of the 2’ axes of FG is along a
tetrad axis of PG, andthe other 2’ axis of FGis along
a diad axis, making an angle of 45° to a tetrad
axis, of PG (the pure diad axis of FG is along a
diad axis, making an angle of 45° to a tetrad.axis,
of PG); No. 594, similar to No. 589; No. 595,
similar to No. 590.

In No. 649, the diad axis of FG is along a tetrad
axis of PG; No. 650, the diad axis of FG is along
a diad axis, making an angle of 45° to a tetrad
axis, of PG; Nos. 651, 653, similar to No. 649;
Nos. 652, 654, similar to No. 650; No. 655, the
mirror plane of FG is along a mirror plane perpen-
dicular to a tetrad axis of PG; No. 656, the mir-
ror plane of FG is along a mirror plane, making
an angle of 45° to a tetrad axis, of PG; Nos. 657,
659, similar to No. 655; Nos. 658, 660, similar
to No. 656; No. 661, the diad axis of FG is along
a tetrad axis of PG or, in other words, the mirror
plane of FG is along a mirror plane perpendicular
to a tetrad axis of PG; No. 662, the diad axis of
FG is along a diad axis, making an angle of 45°
to a tetrad axis, of PG or, in other words, the

mirror plane of FG is along a mirror plane, mak-
ing an angle of 45° to a tetrad axis, of PG; Nos.
663, 665, 667, 669, similar to No. 661; Nos. 664,
666, 668, 670, similar to No. 662; No. 671, two
of the diad axes of FG are along tetrad axes of PG
(the remaining diad axis of FG is also along a tet-
rad axis of PG); No. 672, two of the diad axes of
FGare along diad axes, making anangle of 45° to tet-
rad axes, of PG (the remaining diad axis of FGis along
a tetrad axis of PG); No. 673, both the 2’ axes of
FG are along tetrad axes of PG (the pure diad axis
of FG is also along a tetrad axis of PG); No. 674,
both the 2’ axes of FGare along diad axes, making
an angle of 45° to tetrad axes, of PG (the pure diad
axis of FG is along a tetrad axis of PG); No. 675,
one of the 2’ axes of FG is along a tetrad axis of
PG, and the other 2’ axis of FG is along a diad axis,
making an angle of 45° to a tetrad axis, of PG (the
pure diad axis of FG is along a diad axis, making
an angle of 45° to a tetrad axis, of PG); No. 676,
similar to No. 671; No. 677, similar to No. 672;
No. 678, both the mirror planes of FG are along
mirror planes perpendicular to tetrad axes of PG
(the diad axis of FG is along a tetrad axis of PG);
No. 679, both the mirror planes of FG are along
mirror planes, making an angle of 45° to tetrad
axes, of PG (the diad axis of FG is along a tetrad
axis of PG); No. 680, one of the mirror planes of
FG is along a mirror plane perpendicular to a tet-
rad axis of PG, andthe other mirror plane of FG is
along a mirror plane, making an angle of 45° to a
tetrad axis, of PG (the diad axis of FG is along a
diad axis, making an angle of 45° to a tetrad axis,
of PG); No. 681, the m’ plane of FG is along a mir-
ror plane perpendicular toatetrad axis of PG, and
the pure mirror plane of FG is also along a mir-
ror plane perpendicular to a tetrad axis of PG (the
2’ axis of FG is along a tetrad axis of PG); No. 682,
them’ plane of FG is along a mirror plane, making
an angle of 45° to a tetrad axis, of PG, andthe pure
mirror plane of FG is also along a mirror plane,
making an angle of 45° to a tetrad axis, of PG (the
2’ axis of FG is along a tetrad axis of PG); No. 683,
the m ' plane of FG is along a mirror plane perpen-
dicular to a tetrad axis of PG, andthe pure mirror
plane of FG is along a mirror plane, making an
angle of 45° to a tetrad axis, of PG (the 2'axis of
FG is along a diad axis, making an angle of 45° to
a tetrad axis, of PG); No. 684, the m’plane of FG
is along a mirror plane, making an angle of 45° to

a tetrad axis, of PG, andthe pure mirror plane of

FG is along a mirror plane perpendicular to a tet-
rad axis of PG (the 2’ axis of FG is along a diad
axis, making an angle of 45° to a tetrad axis, of
PG); Nos. 685, 688, similar to No. 678; Nos.
686, 689, similar to No. 679; Nos. 687, 690, sim-
ilar to No. 680; No. 691, two of the mirror planes
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of FG are along mirror planes perpendicular to
tetrad axes of PG (the remaining mirror plane of
FG is also along a mirror plane perpendicular to

a tetrad axis of PG); No. 692, two of the mirror
planes of FG are along mirror planes, making an
angle of 45° to tetrad axes, of PG (the remaining
mirror plane of FG is along a mirror plane per-
pendicular to a tetrad axis of PG); No. 693, both
the pure mirror planes of FG are along mirror
planes perpendicular to tetrad axes of PG (the m’
plane of FG is also along a mirror plane perpen-
dicular to a tetrad axis of PG); No. 694, both the
pure mirror planes of FG are along mirror planes,
making an angle of 45° to tetrad axes, of PG (the
m'plane of FG is along a mirror plane perpendic-
ular to a tetrad axis of PG); No. 695, one of the
pure mirror planes of FG is along a mirror plane
perpendicular to a tetrad axis of PG, andthe other
pure mirror plane of FG is along a mirror plane,
making an angle of 45° to a tetrad axis, of PG (the
m' plane of FG is along a mirror plane, making an
angle of 45° to a tetrad axis, of PG); No. 696, both
the m ’'planes of FG are along mirror planes per-
pendicular to tetrad axes of PG (the pure mirror
plane of FGis also along a mirror plane perpendicular
to atetrad axis of PG): No. 697, boththem’ planes of
FGarealong mirror planes, making an angle of 45° to
tetrad axes, of PG (the pure mirror plane of FGis a-
long amirror plane perpendicular to a tetrad axis of

PG); No. 698, one of the ' planes of FG is along amir-
ror plane perpendicular to a tetrad axis of PG, and
the other m' planeof FG is along a mirror plane,
making an angle of 45° to a tetrad axis, of PG (the
pure mirror plane of FG is along a mirror plane,
making an angle of 45° to a tetrad axis, of PG);

Nos, 699, 701, similar to No. 691; Nos. 700, 702,
similar to No. 692; No. 716, the 2’ axes of FG are
along tetrad axes of PG, and the pure diad axes
(except the one parallel to the 4’ axis) of FG are
along diad axes, making an angle of 45° to tetrad
axes, of PG; No, 717, the 2’ axes of FG are along
diad axes, making an angle of 45° to tetrad axes,
of PG, and the pure diad axes (except the one par-
allel to the 4’ axis) of FG are along tetrad axes of
PG; No. 721, the ' planes of FG are along mir-
ror planes perpendicular to tetrad axes of PG, and
the pure mirror planes of FG are along mirror
planes, making an angle of 45° to tetrad axes, of
PG; No. 722, the m' planes of FG are along mir-
ror planes, making an angle of 45° to tetrad axes,
of PG, and the pure mirror planes of FG are along
mirror planes perpendicular to tetrad axes of PG;
No. 724, the diad axes (except the one parallel to
the 4 axis) of FG are along tetrad axes of PG, and
the mirror planes of FG are along mirror planes,
making an angle of 45° to tetrad axes, of PG; No.
725, the diad axes (except the one paralled to the

4 axis) of FG are along diad axes, making an angle
of 45° to tetrad axes, of PG, and the mirror planes
of FG are along mirror planes perpendicular to
tetrad axes of PG; Nos. 726, 728, 730, 732, sim-
ilar to No, 724; Nos. 727, 729, 731, 733, similar
to No. 725; No. 738, the m’ planes parallel to the
4" axis of FG are along mirror planes perpendicular
to tetrad axes of PG, and the pure mirror planes
parallel to the 4’ axis of FG are along mirror planes,
making an angle of 45° to tetrad axes, of PG; No.
739, the m' planes parallel to the 4’ axis of FG are
along mirror planes, making an angle of 45° to
tetrad axes, of PG, and the pure mirror planes
parallel to the 4’ axis of FG are along mirror planes
perpendicular to tetrad axes of PG; No. 740, sim-
ilar to No. 738; No. 741, similar to No, 739.

5. RELATIONSHIPS OF EACH SPECIES TO FERROMAG-
NETISM, FERROELECTRICITY, AND FERROELASTICITY

We explain the way of determining whether a
particular species is full, partlally, or not ferro-
magnetic, w1th spec1es42m1 "Fmm2, 42m1'Fm 'm2’,
and 42m1 Fm'm’2 as examples., F1rst since the
point group mm2 cannot possess a spontaneous
magnetlzatlon vector,* ferroics of the species
42m1 Fmm?2 must a11 be nonferromagnetic.

The point group m m2’ can possess a nonzero
spontaneous magnetization vector in the direction per-
pendicular to the pure mirror plane.* We set a
system of rectangular coordinate axes x, v, z
with the z axis along the 4 axis in the prototypic
point group ZZml’; the x axis may be either per-
pendicular to one of the mirror planes or parallel
to one of the diad axes in the prototypic point
group:

z || the tetragonal axis (prot.),
x L a mirror plane (prot.), (1a)
v L a mirror plane (prot.),

or z || the tetragonal axis (prot.),
x || a diad axis (prot. ), (1b)
v || a diad axis (prot.).

We choose the system (1a) and designate an orien-
tation state with spontaneous magnetization vector
toward +x as S;. Then {1,1’, 4, 4} is found to be
a set of representative F operations on S,.

Here 1’ stands for time inversion (not the time-in-
version group); 4 stands for the combination of the
90° space rotation about the z axis and space in-
version; 4’ standsfor the combination of 1’ and 4.
Since the operations 1/, 4, and 4’ turnthe spontane -
ous magnetization vector from +x to —x, +y, and
-y, respectively, the states S,, 1'S;, 45,, and 3's,
are all different with respect to direction of spon-
taneous magnetization vector. Therefore it is con-
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cluded thatferroics of the species 42m1' Fm' m2’
are, in general, full ferromagnetic.

The point group m'm’2 can possess anonzero
spontaneous magnetization vector along its diad
axis.® We set the system of rectangular coordi-
nate axes (1a) and designate an orientation state
with spontaneous magnetization vector toward + z
as S;. Then, {1, 1/, 4, 4'}is found to be a set
of representative F operations on S;. Since the
operations1’, 4, and 4’ turn the spontaneous mag-
netization vector from +z to -z, +z itself, and -z,
respectively, the state S, differs from the state
'S, but not from the state 4S, with respect to di-
rection of spontaneous magnetization vector.
Therefore it is concluded that ferroics of the spe-
cies 42m1'Fm'm’'2 are, in general, partially ferro-
magnetic,

The relationships of a species GFH*, where H*
is not time symmetric, to ferroelectricity and fer-
roelasticity are the same as those of the species
GFH where H= H*x1’, Thus it is recommended
that the reader consult Ref. 1 for the way of find-
ing such relationships. Here we only consider fer-
roelectricity in the species 4/mmm 1'F21(s). The
point group 21’ canpossess anonzero spontaneous
polarization vector along its diad axis. We set the
system of rectangular coordinate axes (1). [When
4/mmm1’is the prototypic point group, the systems
(1a) and (1b) are the same.| We designate an ori-
entation state with spontaneous polarization vector
toward +x as S;. The result from performance of
space inversion upon S; must be a possible orien-
tation state different from S;. We designate this
state as S,. Since space inversion turns the spon-
taneous polarization vector from +x to —x, the
states S; and S, are opposite in spontaneous polar-
ization vector. Denote the space reflection across:
the xy plane by m,. The result from performance
of m, upon S; must be a possible orientation state
different from S;. We designate this state as S;.
Since m, turns the spontaneous polarization vector
being in the +x direction to no other direction, S,
is the same as S, in spontaneous polarization vec-
tor. S;is not time conjugate with S;. After all,
it is evident that ferroics of the species
4/mmm?lF2Y (s) are, in general, partially ferro-
electric.

The last three columns of Table I shown the rela-
tionships of each species to ferromagnetism,
ferroelectricity, and ferroelasticity. The letter
P is an abbreviation of partial. There are, in
all, 327 ferromagnetic species, 126 of which are
full. There are, in all, 333 ferroelectric species,
243 of which are full. There are, in all, 513 fer-
roelastic species, 320 of which are full. Since
spontaneous magnetization vector is invariant un-

der space inversion, any species with a centro-
symmetric prototypic point group and with a non-
centrosymmetric ferroic point group cannot be full
ferromagnetic. It is a matter of course that any
species which has a non-time-symmetric ferroic
point group and is two in number of orientation
states is neither ferroelectric nor ferroelastic.
The species which are full ferromagnetic and pos-
sess more than two orientation states are all full
ferroelastic. This is well known. However, a
partially ferromagnetic species (that always pos-
sesses more than two orientation states) may be
full ferroelastic, partially ferroelastic, or nonfer-
roelastic. In all simultaneously full ferromagnetic
and full ferroelastic species, the coupling of spon-
taneous magnetization vector and spontaneous
strain tensor is “complete” in the sense that a turn
of spontaneous magnetization vector through an
angle other than 180° due to a state shift by mag-
netic field is always accompanied by a change of
spontaneous strain tensor and, conversely, a
change of spontaneous strain tensor due to a state
shift by mechanical stress is always accompanied
by a turn of spontaneous magnetization vector
through an angle other than 180°. In all partially
ferromagnetic and full ferroelastic species and in
all partially ferromagnetic and partially ferroelas-
tic species, the coupling of spontaneous magnetiza-
tion vector and spontaneous strain tensor is incom -
plete.

Consider, for example, a partially ferromagnet-
ic and full ferroelastic species 4/mmm1'F2/m(s).
We set the system of rectangular coordinate axes
(1). Spontaneous magnetization vector must be
along the diad axis in the ferroic point group,* and
this diad axis is along one of the diad axes perpen-
dicular to the tetrad axis in the prototypic point
group. We designate an orientation state with
spontaneous magnetization vector toward +x as
S, and designate the results from performance of
the 90°, 180°, and 270° space rotations about the
z axis upon S,, as S,,, S,; and S,,, respectively.
S.1, S.2 S,s and S,, must, obviously, be possible
orientation states different from and not even time
conjugate to one another. We denote the orienta-
tion states time conjugate to them by S_;, S_p, S_g,
and S_4, respectively. These eight orientation
states are all of the orientation states in the rele-
vant species. We can easily find: The spontane-
ous strain tensor in S,; and S_, has the form

a 00
0bd ,
0dc

where a, b, ¢, d are nonzero and different from
one another; the spontaneous strain tensors are
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b 0 -4 a 0 0 b 0d
0Oa O , 1 0 b-d |, and{ 0 a O
-d 0 ¢ 0-d ¢ d 0c

in S,; and S_,, S,3 and S5, and in S,, and S_,, re-
spectively. This shows explicitly the difference in
spontaneous strain tensor among the non-time-
conjugate orientation states. On the other hand,
we can easily find that spontaneous magnetization
vector points to +x, £y, ¥x, and ¥y in S,;, S.s,
S.3, and S,,, respectively. Therefore, a change

of spontaneous strain tensor due to the shift from
Si1 to S, by mechanical stress is accompained by
a turn of spontaneous magnetization vector through
a right angle, while a change of spontaneous strain
tensor due to the shift from S,; to S,; by mechinical
stress is accompanied by no turn of spontaneous
magnetization vector. By magnetic fields alone,
without the aid of mechanical stresses, it is diffi-
cult to reduce a crystal comprising, e.g., S,;
domains and S_; domains to a single domain.

In all simultaneously full ferromagnetic and full
ferroelectric species, the coupling of spontaneous
magnetization vector and spontaneous polarization
vector is “complete” in the sense that a turn of
spontaneous magnetization vector through an angle
other than 180° due to a state shift by magnetic
field is always accompanied by a turn of spontane-
ous polarization vector (through 180° or another
angle) and, conversely, a turn of spontaneous po-
larization vector (through 180° or another angle)
due to a state shift by electric field is always ac-
companied by a turn of spontaneous magnetization
vector through an angle other than 180°. In all
full ferromagnetic and partially ferroelectric spe-
cies, in all partially ferromagnetic and full ferro-
electric species, and in all partially ferromagnetic
and partially ferroelectric species, the coupling
of spontaneous magnetization vector and spontane -
ous polarization vector is incomplete.

Consider, for example, a full ferromagnetic and
full ferroelectric species 42m1'Fm'm2'. We set the
system of rectangular coordinate axes (1la). We
designate an orientation state with spontaneous
magnetization vector toward +x as S,; and desig-
nate the result from performance of the 180° space
rotation about the [110] axis upon S,;as S,,. S,,
must, obviously, be a possible orientation state
different from and not even time conjugate to S, ;.
We denote the orientation states time conjugate to
S,1and S,, by S_; and S_,, respectively. These
four orientation states are all of the orientation
states in the relevant species. It is easily found
that spontaneous magnetization vector points to
X, =X, ty, —Y in S+1, S-l’ S+2) S-Z) respec-
tively, and that spontaneous polarization vector
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points to +z in S;; and to —z in S,, (or to —z in
S,1and to +z in S,,). Therefore a turn of spon-
taneous magnetization vector through a right angle
due to the shift from S, to S, , by magnetic field

is accompanied by a reversal of spontaneous po-
larization vector and, conversely, a reversal of
spontaneous polarization vector due to the shift
from S,, to S,, by electric field is accompanied by
a turn of spontaneous magnetization vector through
a right angle.

Consider another full ferromagnetic and full fer-
roelectric species 321'F2, While in the species
42mVFm'm2' the spontaneous magnetization vector
and spontaneous polarization vector are perpen-
dicular in any orientation state, in the species
321'F2both vectors are parallel or antiparallel.

In this species, although spontaneous magnetiza-
tion vector can be reversed, spontaneous polar-
ization vector cannot be reversed but can only be
turned through 120°. A turn of spontaneous polar-
ization vector through 120° by electric field should
always be accompanied by a turn of spontaneous
magnetization vector through 60° or 120° and, con-
versely, a turn of spontaneous magnetization vec-
tor through 60° or 120° by magnetic field should
always be accompanied by a turn of spontaneous
polarization vector through 120°.

Consider a partially ferromagnetic and full fer-
roelectric species 4/mmml’ Fm'm2' (ps). We set
the system of rectangular coordinate axes (1). We
designate an orientation state with spontaneous
polarization vector toward +x as S,;, and desig-
nate the results from performance of the 90°,
180°, and 270° space rotations about the z axis
upon S,;as S,,, S,;, and S,,, respectively. S,,,
S.,2, S,3, and S, 4 must, obviously, be different
and non-time -conjugate orientation states. We
denote the orientation states time conjugate to them
by S_;, S_2, S_3, and S_4, respectively. These
eight orientation states are all of the orientation
states in the relevant species. It is easily found
that spontaneous polarization vector points to +x,
Y, =X -y in S;th Sd:Z, StS’ 814’ respectively,
and that spontaneous magnetization vector points
to+y, ¥x, ¥y, £x (or ¥y, +x, +9, Fx)in S,,,
Si2, Si3, Sia, respectively. Therefore a turn of
spontaneous polarization vector through a right
angle due to the shift from S,, to S, , by electric
field is accompanied by a turn of spontaneous mag-
netization vector through a right angle, while a re-
versal of spontaneous polarization vector due to the
shift from S, , to S, ; by electric field is accompa-
nied by no turn (no reversal) of spontaneous mag-
netization vector. By magnetic fields alone, with-
out the aid of electric fields, it is difficult to re-
duce a crystal comprising, e.g., S,; domains and
S.; domains to a single domain.
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Consider another partially ferromagnetic and
full ferroelectric species 4/mmml’Fm’'m2'(sp). In
this species, spontaneous polarization vector and
spontaneous magnetization vector are perpendic-
ular; the former can be turned through 90° and
180°, while the latter can only be reversed. (The
plane on which spontaneous polarization vector is
turnable is normal to the ferromagnetic easy axis.)
Both vectors do not couple; that is, a turn of spon-
taneous polarization vector through 90° or 180° by
electric field is accompanied by no reversal of
spontaneous magnetization vector and, conversely,
a reversal of spontaneous magnetization vector
by magnetic field is, of course, accompanied by
no turn of spontaneous polarization vector.

Consider a full ferromagnetic and partially fer-
roelectric species 4221'F2/(p). We set the system
of rectangular coordinate axes (1b). We designate
the orientation states with spontaneous magnetiza-
tion vector in the directions [#k0], [#Z0], [%rO],
and [kh0] as S,;, S,s, S.,3, and S,4, respectively,
and the orientation states time conjugate to them
as S_;, S.s, S_3, and S_4, respectively; here &
and % are nonzero and absolutely different. These
eight orientation states are all of the orientation
states in the relevant species. One F operation
from S, to S, is the 180° space rotation about the
x axis; one F operation from S,, to S,; is the 90°
space rotation about the z axis; one F operation
from S,, to S,, is the 180° space rotation about the
[110] axis. Spontaneous polarization vector,
therefore, points to +z, —z, +z, —z (or —z, +z,
-2, +2)inS,y, S.2, Si3, Si4, respectively.
Thus it is evident that a turn of spontaneous mag-
netization vector through an angle other than either
90° or 180° due to the shift from S, to S,, by mag-
netic field is accompanied by a reversal of spon-
taneous polarization vector, while a turn of spon-
taneous magnetization vector through a right angle
due to the shiftfrom S,; to S,; by magnetic field is
accompanied by no reversal of spontaneous polariza-
tion vector. Electric field can change a multido-
main state consisting of S,; domains, S_; domains,
S,3 domains, and S_; domains to a multidomain
state consisting of S,, domains, S_, domains, S,
domains, and S_, domains, and can return the lat-
ter multidomain state to the former, but cannot
reduce such a multidomain state to a state con-
sisting of only S,; domains and S_, domains (for
example).

Consider the species 41’F2’, This can possess
a nonzero spontaneous magnetization vector and a
nonzero spontaneous polarization vector. These
vectors are perpendicular; the spontaneous mag-
netization vector can be turned through 90° and
180°, but the spontaneous polarization vector can-
not be turned through any angle — even through

180°. Thus, the species 41'F2’ is ferromagnetic;
however, it is not ferroelectric but only pyro-
electric.

Consider a partially ferromagnetic, partially
ferroelectric, and partially ferroelastic species
4/mmm1' Fm'm’2(p). We setthe system of rectan-
gular coordinate axes (1) and designateas S anori-
entation state in which spontaneous magnetization
vector points to +z, spontaneous polarization vec
tor points to +z, and the element x;, of spontane-
ous strain tensor is positive. It can be found that
{1, 1, 4, 4, 1/, 1/ 4, 4'}is a set of represen-
tative F operations on S. We indicate an orienta-
tion state by (- + +) if spontaneous magnetization
vector points to —z, spontaneous polarization vec-
tor points to +z, and x,, is positive, by (+ — +)
if spontaneous magnetization vector points to +z,
spontaneous polarization vector points to —z, and
¥4, iS positive, and so forth. Then the indices of
all the orientation states are

) (=++),
TS eve (+ —4), 1'S e (= =4),
45 coo (+4=), 4'Seee (=+-),
S eee (+==), Z'Seee (=)

S oo (++4), 1'S...

Therefore, spontaneous magnetization vector,
spontaneous polarization vector, and spontaneous
strain tensor do not couple with one another; that
is, a reversal of spontaneous magnetization vector
by magnetic field or of spontaneous polarization
vector by electric field or of spontaneous strain
tensor by mechanical stress is accompanied by no
reversal of either of the others. (If S is subjected,
for example, to an electric field pointing to -z in
the absence of magnetic field and mechanical
stress, S is expected to be changed to IS and not
4s, 1'S, nor 4’S.) By any one or any two of mag:--
netic field, electric field, and mechanical stress,
it is difficult or practically impossible to reduce

a crystal comprising all the eight kinds of domains
to a single domain, but by a combination of the
three it is possible.

6. EXAMPLES OF REAL FERROIC CRYSTALS

The room-temperature phase of cobalt belongs
to species 6/mmml’F6/mm'm’, being full ferro-
magnetic, nonferroelectric, and nonferroelastic.
LiH;(SeO;), belongs™" to species 2/m1’Fml’, being
nonferromagnetic, full ferroelectric, and nonfer-
roelastic. The room-temperature phase of VO,
belongs® to species 4/mmm1’F2/m1’(s), being non-
ferromagnetic, nonferroelectric, and full ferro-
elastic.

The room-temperature phase of Gd,(MoOg); be -
longs® to species 42m1’Fmm21’, being nonferro-
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magnetic, full ferroelectric, and full ferroelastic.
It has been experimentally confirmed that a re-
versal of spontaneous polarization vector by an
electric field along the z axis is always accompa-
nied by a reversal of the element x,, of spontaneous
strain tensor and, conversely, a reversal of xy,
by a uniaxial pressure against the (110) or (170)
facesis always accompanied by a reversal of spon-
taneous polarization vector.

The room-temperature phase of BaTiO; belongs
to species m3m1'F4mml’, being nonferromagnetic,
full ferroelectric, and partially ferroelastic. It
is well known that a turn of spontaneous polariza-
tion vector through a right angle by electric field
is accompanied by a change of spontaneous strain
tensor, but a reversal of spontaneous polarization
vector by electric field is accompanied by no
change of spontaneous strain tensor.

The room -temperature phase of NaBa,NbsO;;
belongs'® to species 4/mmml Fmm?21’(p), being
nonferromagnetic, partially ferroelectric, and
partially ferroelastic. It has been observed that
spontaneous polarization vector and spontaneous
strain tensor are turned separately from each
other by electric field and by mechanical stress,
respectively.

The room-temperature phase of iron belongs to
species m3m1’F4/mm 'm’, being full ferromagnetic,
nonferroelectric, and full ferroelastic. It is well
known that although a reversal of spontaneous mag-
netization vector by magnetic field is accompanied
by no change of spontaneous strain tensor, a turn
of spontaneous magnetization vector through a
right angle by magnetic field is accompanied by a
turn of spontaneous strain tensor and, converse-
ly, a turn of spontaneous strain tensor by mechan-
ical stress is accompanied by a turn of spontane-
ous magnetization vector through a right angle.

The room-temperature phase of a-Fe,O; be-
longs™ to species 3m1’F2/m, being full ferromag-
netic, nonferroelectric, and full ferroelastic.
This crystal is known as “weak” ferromagnetic.

The phase of Fe;O, which occurs at temperatures
below - 154 °C belongs'® probably to species
m3m1'Fm'm'm(ss), being partially ferromagnetic,
nonferroelectric, and full ferroelastic. It is ex-
pected that when spontaneous magnetization vector
is along, e.g., the z axis, a reversal of the ele-
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ment x,, of spontaneous strain tensor by a shear
stress X,, is accompanied by no turn of spontane -
ous magnetization vector.

The phase of NigB;04,I (akind of boracite) which
occurs at temperatures below 64 °K belongs®® to
species 43m1'Fm'm?2’, being full ferromagnetic,
full ferroelectric, and full ferroelastic. It has
been observed that a reversal of spontaneous po-
larization vector by electric field is always accom-
panied by a turn of spontaneous magnetization vec-
tor through a right angle (in the plane perpendic -
ular to spontaneous polarization vector) and, con-
versely, a turn of spontaneous magnetization vec-
tor through a right angle (in the plane perpendic-
ular to spontaneous polarization vector) by mag-
netic field is always accompanied by a reversal
of spontaneous polarization vector.

The phase of GdBr; which occurs below 2 °K
may™ possibly belong to species 321/F2 that is
full ferromagnetic, full ferroelectric, and full
ferroelastic. (Compare Sec. 4 where this species
has been discussed.) This crystal has been ob-
served to be weak ferromagnetic with spontaneous
magnetization vector normal to the trigonal axis,
but has not yet been examined with respect to fer-
roelectricity.

Some of the 773 species of ferroic crystals
shown in Table I have orientation states which may
almost impossibly be chahged to one another by any
combination of a magnetic field, an electric field,
and a mechanical stress. There are two notions of
ferroic: One, which is adopted in the present pa-
per, lays emphasis on state shift and the other on
phase transformation. According to the first no-
tion, such species may not be appropriate to call
ferroic.’® However, if the second notion were
adopted, such species would be as ferroic as other
species. Even when the first notion is adopted, it
is often more convenient not to exclude such spe-
cies.

The present theory deals with all of the ferro-
magnetics, ferroelectrics, and ferroelastics in a
unified way upon a common basis, and may be es-
pecially helpful for investigating crystals in which
ferromagnetism, ferroelectricity, and ferroelas-
ticity coexist and couple completely or incomplete-
ly with each other.
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151t should not be taken that the species which are
neither ferromagnetic, ferroelectric, nor ferroelastic
are all such species. For instance, quartz belongs to
a nonferromagnetic, nonferroelectric, and nonferroelas-
tic species 6221’ F321’ at temperatures below 573°C,
yet it has been observed by Wooster et al. and by Aizu
et al. that the two orientation states of quartz can be
changed to each other through domainprocess by mechan-
ical stress. Quartz should hence be regarded as fer-
roic. Refer to W. A. Wooster, N. Wooster, J. L. Ry-
croft, and L. A. Thomas, J. Inst. Elec. Engrs. 94, 927
(1947), or K. Aizu and T. Hirai, The Lecture Notes for
the Meeting of the Physical Society of Japan in Autumn,
1969, Vol. 4, p. 37 (unpublished) (half in English and
half in Japanese). The latter authors have carried out
an optical direct observation of the domain process with
transmitted light.
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We consider the scattering of two spin waves in a uniaxial (easy axis) Heisenberg ferro-
magnet with single-ion anisotropy. The two-spin-deviation problem is solved exactly at zero
temperature. We find (for S>3), in addition to the usual two-spin-wave bound states, a new
“single-ion bound state, >’ in which at the zone corner the two spin deviations are on the same
site. When the magnitude of the anisotropy is comparable to the exchange interaction, the
single-ion bound state becomes the dominant feature of the bound-state spectrum. For arbi-
trary spin there is a critical anisotropy strength above which the single-ion bound state exists
throughout the Brillouin zone. We conclude that the presence of single-ion anisotropy en-
hances the possibility of experimental observation of the bound states.

I. INTRODUCTION

The Heisenberg model of ferromagnetism has
been extensively studied. ! The elementary exci-
tations of this model are the spin waves, which con-
sist of single spin deviations propagating through
the lattice.? Considering only the Ising part

-J 2. S%S%
<i, 5>
of the Heisenberg Hamiltonian, one finds that the
excitation energy of two adjacent spin deviations is

lower by J than that of two nonadjacent ones, giving
rise to an effective attractive interaction between
spin waves. Although the transverse terms in the
Heisenberg Hamiltonian tend to weaken this attrac-
tion, it has been shown by Wortis® and Hanus®* that
the attractive interaction results in the formation
of bound states of two spin waves for a sufficiently
large total wave vector §. Physically, these “ex-
change bound states” correspond to two spin devia-
tions close together in space and propagating
through the lattice in a correlated fashion with to-



